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This work analyzes pattern formation mechanisms in the homogeneous model of a
fixed catalytic bed for reactions with oscillatory kinetics. Two cases are analyzed: a

(nonadiabatic reactor with a continuous mass-supply either by a preceding reaction or
)®ia a membrane wall , and a simple adiabatic or cooled reactor. In the former case, the

system may reach asymptotic space-independent solutions, and when bistability of such
solutions exists fronts may be established. Stationary or oscillatory front solutions, oscil-
latory states that sweep the whole surface, or excitation fronts may be realized then and
the reactor beha®ior can be predicted from the sequence of phase planes spanned by the
reactor. In an adiabatic reactor, fronts are formed only for sufficiently small Pe num-
bers, but these frontlike solutions do not separate different steady states. The patterns
that can be realized in this case are quite similar to those in the pre®ious case. The
reactor beha®ior can be predicted by the sequence of phase planes spanned by the
reactor, using an approximate finite difference presentation.

Introduction

The purpose of this article is to analyze pattern formation
in homogeneous reactor models, using a realistic oscillatory
kinetics model, and to contrast them with pattern-forming
mechanisms in heterogeneous models. Patterns are formed
by the interaction between front motion, fluid-flow, and
changing activity. Characterizing these patterns requires un-
derstanding conditions that induce front motion and charac-

Ž .terizing the dynamic state phase plane of the reactor. Fronts
in homogeneous and heterogeneous reactor models emerge

Ž .due to somewhat different terms see below making this dis-
tinction between models of catalytic beds an important point
in understanding this behavior. Mechanisms of pattern for-
mation in heterogeneous models were the subject of a recent

Ž .investigation and review by Barto and Sheintuch 1994 and
Ž .Sheintuch and Shvartsman 1996 .

Propagating front solutions emerges in a bistable medium
Ž .with uniform properties i.e., with infinite convection due to

heat conduction or diffusion. Due to symmetry we may find
two front solutions that propagate either to the left or to the
right. The heterogeneous reactor model may admit local

Žbistability due to the interaction of nonlinear kinetics due to

Correspondence concerning this article should be addressed to M. Sheintuch.

.its exothermicisity or self-inhibition with mass- or heat-trans-
fer resistance. The fluid conditions vary along the bed and

Žthe symmetry is lost, but under certain conditions suffi-
.ciently large flow rates we may still find fronts moving up-

stream or downstream, yet at somewhat different velocities.
The interaction between the fluid flow and front motion pro-

Žduces an array of spatiotemporal patterns Sheintuch and
.Shvartsman, 1996 . The homogeneous model of an adiabatic

Ž .reactor typically does not admit local bistability see below
and, strictly speaking, fronts do not exist. The interaction of
flow and dispersion terms, however, creates front-like solu-
tions and these may move in response to feed conditions or
follow changes in activity. The elucidation of such patterns is
one objective of this work. Fronts that separate different
states may also emerge in a nonadiabatic bed with a continu-
ous reactant supply along the bed, either by a preceding reac-
tion or via a membrane wall. In that case the system may
reach asymptotic space-independent solutions, and when
bistability of such solutions exists fronts and patterns may be
established, as we show below. Aside from enriching the class
of solutions, feed distribution along a packed bed is an opti-
mal solution for reactions that exhibit a local maximal rate.
The recently suggested mechanism of pattern formation due
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Žto the differential-flow-induced chemical instability DIFICI;
.Rovinsky and Menzinger, 1992 can be interpreted in terms

of a homogeneous model, and is another source of stability in
catalytic beds.

Another purpose of this work is to extend the study of cat-
alytic reactor dynamics into new cases that were not previ-
ously analyzed. We employ a simple exothermic reaction with
positive-order kinetics as a source of instability. To obtain
oscillatory behavior we couple the preceding reaction with a
slow reversible process of changes in catalytic activity. This
mechanism, in which the temperature provides the positive
feedback as well as the means of communication, agrees with
our current understanding of high-pressure catalytic oscilla-
tors; it was justified and was employed elsewhere to describe
spatiotemporal patterns in a catalytic wire and a heteroge-

Žneous fixed-bed model Sheintuch, 1989; Barto and Shein-
.tuch, 1994; Middya et al., 1993 .

The novelty of this work lies in the analysis of conditions
for the existence of spatiotemporal patterns and their simula-
tions in a homogeneous model of a packed-bed catalytic reac-
tor, using realistic oscillatory kinetics. Such an analysis is more
complex in a homogeneous model than in a heterogeneous
one, in which local bistability emerges naturally. We also
compare four classes of models that admit spatiotemporal
patterns: patterns admitted by the two classes of the homoge-
neous model, with or without mass supply and heat removal,
that are the subject of this work are compared with patterns
in a heterogeneous model and with patterns possible in a

Ž .simple uniform system i.e., in the absence of convection .
The CSTR asymptote of the homogeneous axial dispersion

model has been known to exhibit steady-state multiplicity and
oscillatory behavior for many years now, while the PFR model
cannot predict these behaviors. Bistability or oscillatory be-
havior due to axial dispersion was a subject of extensive in-

Žvestigation in the 1970s and 1980s see Balakotayah, 1996;
.Subramanian and Balakotayah, 1996, and references therein .

It requires a sufficiently large ratio of axial diffusion to con-
Ž .vection terms small Pe su ZrD , and several reviews ofc s e

Ž .this topic are available Hlavacek and Van Rompay, 1981 .
It is currently believed that this model cannot account for
observations of catalytic oscillations, since instabilities have
been observed on a single crystal, pellet, or wire even in the
absence of interaction with the gas phase. Furthermore, for
reasonable values of parameters the axial dispersion model
predicts oscillations that are much faster than those observed
experimentally.

The structure of this work is as follows: The homogeneous
reactor model is presented in the next section and its asymp-
totic cases are noted. The full model, accounting for mass
supply and heat loss through the wall, is discussed in the third
section, as it admits real fronts that separate domains of dif-
ferent solutions and known mathematical results can be ap-
plied then. In the last section we study motions of the more
realistic case of adiabatic or cooled reactors. In each case we
study the motion qualitatively, by tracking it on the phase
plane of the system, and support it by simulations of first-
order exothermic reaction with a large Pe number. Patterns
in the heterogeneous model are briefly discussed in the con-
cluding remarks, mainly to contrast them with those of the
homogeneous model.

Homogeneous Model
Typical homogeneous models account for mass and energy

balances with accumulation, flow, and axial dispersion terms
along with chemical reaction and heat loss due to cooling
w Ž .xS s HP T yT , subject to the Danckwert’s boundary con-T w
ditions. To demonstrate some of the possible motions we also

Ž .incorporate a mass generation source S , either by a pre-C
ceding reaction or by mass supply through a membrane wall
or via many stages of interstaged-feeding:

­ C ­ C ­ 2CA A A
e qu y D sy 1ye r C , T , u qSŽ . Ž .s e A C2­ t ­ z ­ z

1Ž .

­ T ­ T ­ 2T
1ye r c qu rc y kŽ . s ps s p f e 2­ t ­ z ­ z

s yD H 1ye r C , T , u yS 'QU f C , T , u 2Ž .Ž . Ž .Ž . Ž .A T A

­ T ­ T
<u rc T yT sy k ; s0;Ž .0s p f in e ­ z ­ z0 L

­ C ­ CA A
<u C yC sy D ; s0. 3Ž .Ž .0s A in A e ­ z ­ z0 L

We use conventional notation in Eqs. 1]3, and QU is the
characteristic specific heat-generation term. We have also ne-
glected the fluid heat capacity in the accumulation term. We
will limit our discussion to exothermic reactions of positive-
order kinetics, a situation known to exhibit bistability in a
CSTR, and to such reactions coupled with slow reversible

Ž .changes in catalytic activity u .
The physical interpretation of the slow activation and de-

activation steps, which lead to oscillations, is rather wide and
must be specified for each particular reaction and catalyst: at
low pressures the low and localized process of surface modi-
fication takes the form of surface reconstruction or subsur-

Ž .face oxygen penetration see review by Imbihl and Ertl, 1995 .
Subsurface oxygen formation was shown to occur also on a
surface of polycrystalline catalysts under low- and high-pres-
sure conditions. Many oxide- and metal-catalyzed high-pres-
sure oxidation reactions are believed to oscillate due to oxi-

Ždation and reduction of its surface e.g., see review by Schuth
.et al., 1993, and the monograph by Slinko and Jaeger, 1994 .

Ž .The fraction of the active surface area u is nondiffusing
and the general form of its balance is

­u
t s g T ,u . 4Ž . Ž .u ­ t

Ž .This is a slow process and its time scale t , which can beu

Ž 4 .estimated from the period of oscillations 10 to 10 s , is much
Ž .larger than the enthalpy-balance time scale t . We adoptT

Ž . Žhere a simple linear expression for g T ,u see Barto and
.Sheintuch, 1994, for justification , that assumes that deactiva-

tion occurs faster at higher temperatures and at higher activi-
ties, and that it is independent of reactant concentration, so

Ž .that it can be expressed by a single line in the T ,u phase
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plane:

­u
sy k qm T yT u q k ym T yT 1yu .w x w x Ž .Ž . Ž .dy in dq in­ t

5Ž .

We distinguish between three situations of the mass-source
and heat-loss terms:
Ž . Ž .1 With continuous mass supply S )0 , and in a cooledC

reactor, the system may admit asymptotic homogeneous
Ž . Ž .space-independent solution s , C and T , that satisfies theAs s
righthand side of Eqs. 1 and 2. This problem is convenient
for analysis, since when two stable space-independent solu-
tions exist we can imagine a front that separates two domains
where the upper or lower solution exists. These domains may
be almost homogeneous and boundary effects will be evident
only near the inlet. The temperature profile may now exhibit
several hot and cold domains, as we can produce several such

Ž .fronts in the reactor. 2 In a tubular reactor without reactant
supply but with cooling at the wall, that is, when S s0 andC

Ž .S s HP T yT , the temperature profile may exhibit a localT w
maximum but instabilities may be induced by strong axial

Ž .conduction. 3 An adiabatic bed with an impermeable wall
will exhibit a monotonically increasing temperature profile,
and again instabilities may be induced by strong conduction.

The emerging spatiotemporal patterns are described in the
next sections, for the three preceding situations, after we re-
view the relevant results of dynamics of convectionreaction
systems.

Pattern Formation in Systems with Mass-Source
and Heat-Loss

When cooling and mass supply, as well as conduction, are
accounted for, the system may admit traveling fronts connect-
ing different steady states. The concentration and tempera-
ture profiles need not be monotonic. The reactor may achieve
an asymptotic homogeneous solution, toward the reactor out-
let, that satisfies the righthand side of Eqs. 1 and 2. If many
such solutions can exist, then fronts can be induced.

Ž .If the reactant supply term obeys S s H P C yC , asC c W A
in a transfer through a membrane wall, then the steady-state

Ž . Ž . Ž .fixed-u solution of r C ,T s H P C y C r 1y e sAs s c W As
Ž . wŽ .Ž .xHP T yT r 1ye yD H can be analyzed as in the famil-s w

iar CSTR problem by finding the linear relation between Ts
Ž .and C and substituting it into r C ,T to form the sig-As As s

Ž .moidal heat-generation curve Q T ;C ,T . Its intersectiong s W W
with the cooling heat-removal lines may admit three solutions
T Ž i., is1, 2, or 3. Near the reactor exit the system attains
one of the stable homogeneous solutions, T Ž1. or T Ž3.. At the
inlet there will be an entrance zone where T varies from a
value close to T toward one of these solutions; the choice ofin
the stable state depends on inlet and initial conditions.

( )Front motion fixed u

Fronts separating the hot and cold states can be induced
sufficiently far from the entrance zone. A reactor that asymp-
totically approaches the hot state can be perturbed at the

outlet to the cold state. We now analyze the fate of such a
Ž .front in a constant-activity system fixed u , and then pro-

ceed to study the dynamics with changing activity. The prob-
lem can be cast now in an inner]outer solution formalism.
Away from the front the conductivity terms can be ignored.
To simplify the analysis and convert the problem into a sin-
gle-variable problem, we assume that T and C are relatedA
at every position. The inner solution obeys

­ T ­ T ­ 2T
1ye rc qu rc y k sQ T ; CŽ . Ž .ps s p f e g W2­ t ­ z ­ z

y HP T yTŽ .w

T y`, t sT Ž3. ; T `, t sT Ž1. . 6Ž . Ž . Ž .

This problem is similar to the well-known problem of a trav-
eling front in a reaction-diffusion system, except that now
there is a convection term as well. The solution is quite simi-

Ž .lar also: a front moving at a constant speed V and shape.
To show that, set Eq. 6 in the frame of a coordinate moving
with the front, z s zyVt, to find

dT dT d2T
yV 1ye rc qu rc y kŽ . ps s p f e 2dz dz ­z

sQ T ;C y HP T yT 'QU f T ; C , T . 7Ž .Ž . Ž . Ž .g w w w w

Ž .Certain results and properties of the front velocity Vus0
Žin conduction-reaction single-variable systems like Eq. 7 us

. Ž . Ž .s0 were reviewed by Fife 1979 and Mikhailov 1990 : ana-
lytical solutions exist only in few cases, like a cubic or a step
Ž . Ž .Heaviside Q T function; several approximate solutionsg

Ž .were suggested e.g., see Sheintuch and Shvartsman, 1996 .
Ž .The front becomes stationary V s0 only for a certain set of

Ž .parameters that obey Hf T ; C , T dT s0, when integratedw w
between the stable steady states T Ž1. and T Ž3.; conditions be-

Ž .tween this boundary and the ignition extinction points lead
Ž .to expansion of the hot cold zone. To account for convec-

tion the front velocity should be modified by

V sV yU 8Ž .us0

with U defined by

u rcs p f
U ' . 9Ž .

1ye r cŽ . s ps

Positive or negative V implies an upstream- or down-us0
stream-moving front, respectively. Applying this results to the
convection]conduction]reaction problem, we find that the
front velocity has a strong bias for motion in the downstream
direction: the velocity of upstream-moving fronts varies
monotonically between V ]U and V ]U, where V are theq y "

extreme front velocities in the absence of convection, those
at the boundaries of the bistability domain. A stationary solu-
tion may emerge only if U-V ; otherwise, all fronts propa-q
gation downstream. These results apply for a front that is
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placed at will at any position of the reactor, but the entrance
zone may affect this behavior if the front is sufficiently close
to the inlet. Fronts propagating downstream move fast at a
velocity between V qU and V qU.q y

Recall that U, which is proportional to the interstitial ve-
locity and to the ratio of fluid to solid heat capacity, is the
velocity of perturbations traveling in a single-variable reac-

Žtion-convection system Eq. 2 with k s0, assuming also thate
.C and T are related everywhere . Before proceeding weA

comment about the properties of such reaction]convection
models: obviously such a model, in which perturbations al-
ways travel downstream, cannot induce instabilities, but fluc-
tuations or oscillations induced at the inlet can be amplified

Ž .significantly, since f T ,C is highly nonlinear. Periodic per-A
turbations at the inlet will convert at the outlet to high-tem-
perature oscillations with a similar frequency. This may ac-

Ž .count for the observations of Wicke and Onken 1988 during
CO oxidation in a fixed bed. Typically C and T are notA
explicitly related as perturbations in concentration move
faster than those of enthalpy, inducing effects like wrong-way

Ž .behavior see a review by Luss, 1997 , but that will not affect
the preceding conclusion.

( )Phase plane analysis ©arying u

The problem becomes much more complex when re-
versible changes in catalytic activity are accounted for. If we
assume again that C and T are related, then this problem isA

Ž .described by a two-variable model Eqs. 2]4 where the cata-
lyst temperature is the activator and its length scale is larger

Ž .than that of the inhibitor u , which is believed to be a slowly
changing surface concentration. The motion can be inter-
preted in terms of the relative disposition of the null curves:
Ž .f T ,u s0 is typically S-shaped, as it should admit bistability,

Ž . Žwhile g T ,u s0 can be monotonic or even linear Figure 1,

Figure 1. Typical asymptotic phase-planes in a reactor
(with mass source and heat sink such as, a

)cooled membrane reactor .
wIt shows the enthalpy null curves f s 0, solid lines, with B

s30, g s 20, Dara s 0.025, x s y s 0, and a ra sT W W C T
Ž . Ž . Ž . Ž .x0.15 line 1 , 0.20 2 , 0.40 3 , and 0.75 4 . The activity null

w Ž .curves are also shown g s 0, broken lines with K , M s
Ž . Ž . Ž . x5.67, 18.9 , 1, 1.11 and 4, 2 for lines a, b, and c .

.plotted with dimensionless variables . The steady state of the
Ž . Ž .local problem, the intersection of the f T ,u s0 and g T ,u

s0 is stable when located on the upper or lower branches of
Ž .f T ,u s0 and unstable when located on the intermediate

branch and when time-scale separation is sufficiently wide.
The steady state is usually classified as excitable when a sta-

Ž .ble steady state is located near the limit points of f T ,u s0,
Žas oscillatory when the steady state is unstable Figure 1, line

. Ž .a , and as bistable line b . In the absence of convection a
uniform and long one-dimensional reaction]conduction sys-
tem may admit a traveling pulse or front, propagating up-
stream or downstream after being triggered locally, or may
sustain homogeneous oscillations. Such a system is unlikely
to exhibit sustained spatiotemporal patterns in the absence of
gradients in properties due to convection, or nonuniformities
Žsee Sheintuch and Shvartsman, 1996, and references therein,

.for a detailed review .
The behavior in a reactor is different due to the effect of

convection: convection accelerates fronts or pulses propagat-
ing downstream and slows down or forbids upstream motion
altogether. Convection will also affect the inlet boundary
conditions in a way that the nature of motion there will be
different from that in the rest of the system. Thus, if the
system asymptotically reaches an excitable state, then its trig-

Ž < <.gering at the exit may induce a slow front if U- V mov-us0
Žing upstream, or the front may be washed out immediately if

< <.U) V . In the former case, the front may be arrestedus0
somewhere inside the reactor and collide with the ensuing
front. If conditions upstream induce an oscillatory motion,

Ž < <.then it will trigger a sequence of fast fronts at Uq Vus0
that sweep the oscillatory domain.

The analysis is simplified significantly in a system with
Ž .periodic boundary conditions Rovinski and Menzinger, 1993 .

Patterns may be realized then even in the absence of convec-
tion: Eqs. 2 and 4, while assuming a simple relation between
C and T , can be converted, using the transformation z sA
Ž . Ž .u ty z r u yU , tos s

dT u dusU1ye r c sQ f T , u ; t s g T , u .Ž . Ž . Ž .s ps udz u yU dzs

10Ž .

Therefore, in the frame of the moving coordinate, the sys-
Žtem is described by the model of the lumped system Eqs. 2

.and 4; u s0 except that the slow time scale is modified bys
Ž .the ratio u r u yU . In the case of a large separation ofs s

time scales, that will not affect the solution, while with simi-
lar time scales the flow may stabilize a system that is oscilla-
tory in the absence of flow. Patterns may be realized with the

Ž .wave traveling against the flow U-0 . The wave pattern is
identical to the temporal oscillatory solution of the homo-
geneous system. The periodic boundary conditions require

Ž .that the pattern velocity U be the ratio of the system length
Ž .to the oscillations period or its integer multiple . Periodic

boundary conditions cannot be realized in a simple way in a
tubular reactor. In a system with t rt ™0 the pattern mayT u

Žbe constructed analytically, similar to patterns on a ring see
.Mikhailov, 1991; Middya et al., 1994 . Moreover, patterns will
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not emerge even in a recycle reactor, since pattern formation
of the proposed mechanism requires feedback from the reac-
tor inlet to its exit, contrary to the feedback in the recycled
reactor.

Dimensionless equations and simulations
To simulate the problem we present the general model for

a first-order activated kinetics, r su AeyErRTC , in terms ofA
conventional notation of dimensionless parameters and vari-
ables

­ x ­ x 1 ­ 2 x g y
q y s Dau 1y x expŽ .2 ž /­t ­j Pe g q y­jC

q a x y x s f x , y ,uŽ . Ž .C w 1

­ y ­ y 1 ­ 2 y g y
Le q y s B ? Dau 1y x expŽ .2 ž /­t ­j Pe g q y­jT

y a yy y s f x , y ,uŽ . Ž .T w 2

­ x ­ y
j s0, s Pe x , s Pe y ;C T­j ­j

­ x ­ y
j s1, s s0, 11Ž .

­j ­j

with

C g T yT z tuŽ .A in s
xs1y ; ys ; j s ; t s ;

C T L LA ,in in

AeygL E yD H CŽ . A ,in
Das ; g s ; Bsg ;

u RT rc Ts in p f in

1ye r c rc LuLuŽ . s ps p f ss
Les ; Pe s ; Pe s ;C Trc D kpf e e

H PL H PLC T
a s ; a s . 12Ž .C Tu rc us p f s

The slow process is described by

­u M
t sy yy 1q K u q K ' g y ,u ;Ž . Ž .u ­t g

t su rLk ; K s k rk ; MsmT rk . 13Ž .u s dy dq dy in dy

Numerical simulations of the full model were performed
by an implicit finite difference scheme based on the method
of fractional steps with up to 600 equidistant mesh points
while verifying convergence with respect to cell size. The or-

Ž 2 .der of this scheme is O t , Dj . The solid temperature pro-
files were presented as colored contours in the position vs.
time plane. The values of physicochemical constants and
model parameters that were employed in the simulations are

Žrealistic for fixed-bed reactors i.e., large Le and Pe num-
.bers, highly exothermic and activated reactions and typically
Ž .follow the values used by Barto and Sheintuch 1994 for het-

Ž .erogeneous reactor models see Appendix there-in .
To explain the possible motions we analyze the possible

asymptotes in a long reactor by extracting the linear relation
Ž .between and temperature and concentration, Ba x y xC W

Ž . Ž . Ž .s a yy y , obtained by setting f , x, y,u s f x, y,u s0,T W 1 2
Ž .and substituting it into f s0 to obtain the f y,u null curve;2

the latter is plotted in Figure 1 for various transport coeffi-
Ž .cients and x s y s0, along with g y,u s0. The intersec-W W

tions of these null curves are the asymptotes and their nature
was described earlier. The behavior at the reactor entrance is
generally different from these asymptotes, as it is affected by
feed conditions and boundary conditions.

Bistable Phase-Plane and Switching. A bistable reaction]
conduction uniform system may be triggered locally, at its left

Ž .or right edge or anywhere else, and the ensuing front s will
switch the system from one state to another. Convection may
affect this motion. The two stable solutions possible for a

Žcertain case, where the asymptotic behavior is bistable Fig-
.ure 1, line b , are plotted as lines 0 and 7 in Figures 2a, 2b:

one solution shows negligible activity, while the other shows a
declining temperature profile for this particular case. A local
perturbation may switch the reactor from one state to an-
other. When the reactor outlet is perturbed over a narrow

Žzone, from the low state to a high-temperature see line 0 in
.Figure 2a , a slow front is induced, and it travels upstream

almost at a constant speed until the upper state is attained. A
perturbation imposed on the high-temperature state at the

Ž .outlet disappeared immediately not shown , since the local
Ž .ignite state is more stable that is, the ignited state expands

and the front exits the reactor. A perturbation of the low-
temperature state at the inlet propagates through the reactor

Ž .and switches it to the high state Figure 2b ; a perturbation
Žimposed at the inlet on the high state did not propagate not

.shown .

Oscillatory Phase Plane. A typical oscillatory motion ex-
hibits almost-homogeneous relaxation oscillations between

Žthe low-activity and high-activity branches Figure 2c, which
presents one cycle, and Figure 2d; see Figure 1, line a for the

.corresponding phase plane ; the transition between these
branches is fast in time, as is evident from Figures 2c and 2d;
the latter represents the inlet and outlet temporal behavior.

Other Motions. The behavior at the inlet zone is governed
mainly by the axial dispersion, as is described below in the
description of nonadiabatic reactors. If that behavior pro-
duces oscillatory behavior, then it will induce successive fronts
that propagate through the excitable sections of the system.
For the simulations in Figure 3 the inlet produces oscilla-
tions, but the asymptotic behavior of a long reactor is stable

Ž .and unexcitable line c in Figure 1 . For small a values theC
Ž .system behaves like a nonadiabatic reactor see below and

the whole reactor oscillates between the extinguished and ig-
nited states. For large a values the reactor reaches itsC
asymptotic solution, which in this case is a stable unexcitable
state, but the inlet zone periodically produces extinction
fronts that travel through the reactor until they become sta-
tionary; by then the upstream section activates and the front
turns around and becomes an ignition front.
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Figure 2. Typical behaviors in a reactor with mass source and heat sink.
Ž . Ž . Ž . Ž . Ž . Ž .a,b Switching from a low line 0 to a high line 7 steady state upon a perturbation imposed at the exit a or the inlet b ; c,d oscillatory

Ž . Ž . wbehavior presented in the space domain c or in the time domain for the inlet and outlet positions d Pe s Pe r10 s10; B s 30, g s 20,T C
U Ž . Ž . Ž . Ž .Dara s 0.025, x s y s 0, Le s100, t s1000, with a ra s 0.29 a,b or 0.35 c,d , K s1 and M s1.11 a,b or 5.67 and 18.9 c,d ;T W W u C T

Ž . Ž . Ž .xlines in 0]7 are equally intervaled with D t s10 a , 40 b , or 67.5 c; several lines are not shown .

Figure 3. Typical oscillatory behaviors in a reactor with
mass source and heat sink.

ŽIt is presented as gray-scale contours ordinate is time, while
abcissa is spatial coordinate; the reactor feed is on the left;
white and black shades denote the highest and lowest tem-

.peratures . Pe s 50; Pe s 5, other parameters as in FigureT C
Ž . Ž . Ž . Ž .2 with a ra s1.5 a , 2.0 b , 4.5 c , and 6.0 d , K s 4 andC T

Ž .M s 2 line c in Figure 1 .

( )Pattern Formation in Adiabatic a = a =0 andC T
( )Cooled a =0 ReactorsC

In the absence of a mass source the concentration profile
is monotonically declining and the motions described previ-
ously cannot be realized. Instabilities can be induced due to
strong axial mixing by thermal conduction. These phenomena
can be realized typically in short reactors and can be viewed
as an extension of instabilities in a mixed reactor. However,
stationary fronts can be realized even with a small mixing

Žterm, provided the thermal feedback parameters ex-
.othermicisity and activation energy are sufficiently strong.

Here we extend this model by adding the slow activation and
deactivation processes and convert it into a simple and realis-
tic oscillatory mechanism and solve it then for realistic high
Pe number.

Phase-plane analysis
Before turning to numerical solutions let us approximate

and analyze the behavior of an adiabatic reactor in the
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phase-plane by discretizing the distributed-variable problem
while assuming an adiabatic relation between C and T. ToA
that end we convert Eq. 2 to the form

­ T ­ T ­ 2T
2t qU y L sDT f T ,u ,C ;Ž .T T ad A2ž /­ t ­ z ­ z

r T ,u ,C 1ye yD HŽ .Ž .Ž .A Uf s ; Q s r ;refr DTref ad

1ye rck Ž . pse2L s ; t s , 15Ž .T TU UQ Q

Ž .subject to boundary-conditions Eq. 3 , with a similar equa-
Ž .tion for C Eq. 1 ; r is a reference rate chosen so that f isA ref

of order unity and L and t have been defined with respectT T
to QU, the characteristic heat production. Now, for fixed u
and with an adiabatic relation between C and T , Eq. 15 isA
similar to Eq. 9 but since f s0 is single-valued, it cannot

Žadmit a front that connects two stable solutions of f s0; f T ,
Ž . .C T , u is very small at low T , passes through a maximumA

at intermediate T , and intersects the abscissa at the adiabatic
Ž .temperature rise. In the general case, C T cannot be ex-A

pressed in a simple way, but since the front motion is slow
due to the large solid-phase heat capacity, the system can be
assumed to be in a pseudo-steady-state and with similar mass
and enthalpy dispersion terms, this relation is approximately

Ž .valid. Below we derive C T relations for transients in whichA
a front propagates at a constant velocity and show that the
maximal temperature exceeds the adiabatic temperature rise
when a front propagates downstream.

To present the motion in the phase plane we consider the
finite difference approximation of Eq. 15. A meaningful ap-
proximation will use cells that are of an order of magnitude
of front width: there are two length scales in this problem,

Ž .one due to conduction and heat-generation terms L andT
another due to conduction and convection terms. In the for-
mer case we can rewrite Eq. 15 in terms of a finite difference
scheme that approximates the solution for cell i as

­ Ti
t y T qT y2T sDT f T , u , CŽ . Ž .T iq1 iy1 i ad i i A i­ t

UtT
y T yT ' F T , u , C . 16Ž .Ž . Ž .i iy1 i i A iLT

Using the other length scale, the ADM is commonly ap-
Žproximated by equivalence with a model of cells mixed reac-

. Ž 2tors in series , each of size D zs2 LrPe ors2 L rUt inT T T
.our notation , where the Peclet number is Pe su rc LrkT s p e

2 Žs LUt rL e.g., see Balakotaya, 1996; this result is exactT T
.for low conversion and high Pe . In that case, the cell modelT

reads

2­ T Pe Li T T
t y T qT y2T sDT f T , u , CŽ . Ž .T iq1 iy1 i ad i i A iž /­ t 2 L

21 Pe LT T
y T yT ' F T , u , C . 17Ž .Ž . Ž .i iy1 i i A iž /2 L

These approximations are similar to the approximations of
a reaction]conduction equation, with a heat-generation and
heat-removal term on the righthand side, except that the heat

Žremoval varies with position the equations should also be
. Žmodified near the inlet . When conduction is small but its
.impact is evident at L the steady-state solution can be eas-T

ily determined graphically by moving the heat-removal line
parallel to itself and stepping from its intersection with DT fad
Ž .at T to the intercept with the abscissa for the next line. Ifi
the solution is unique for all T , then the profile is moderatei

Žand conduction may be ignored. For large conductivity large
. ŽL , and a steep f i.e., large activation energy or exother-T

.micity the system may acquire multiple solutions and the
conduction term becomes important. A front may form then
and move to a stationary position that satisfies the boundary
conditions.

Let us turn now to the phase plane. If the bistability due to
Žaxial mixing is coupled with slow reversible deactivation Eq.

.4 , then several cells may exhibit relaxation oscillations. To
show that, we solve the dimensionless version of the steady-

Ž .state thermal balance Eq. 16 for a first-order reaction and
Ž . Ž .with x C that depends adiabatically on y T , for variousi Ai i i

Ž .u values, and plot it typically as a series of curves y vs. ui i i
UŽ . Ž .for various y s y , in the phase plane Figure 4 . In di-iy1

mensionless terms the null curves take the form of

g y PeT UB ? Dau 1y x exp y yy y s F y ,u , 18Ž . Ž . Ž . Ž .ž /g q y 2

Ž .with ys Bx. The breadth of activities u that induce multi-
Ž . Žple temperatures y diminishes with increasing Pe threeT

. Žsuch curves are shown in Figure 4 . The other null curve g
.s0 may intersect these curves to form an excitable, oscilla-

tory or bistable system, or may form a mixture of such char-
acters that varies along the reactor. The system motion then
depends on the nature of the phase planes spanned by the

U Ž U.varying y or T ; this sequence depends on the g s0 as
Ž Žwell of the two parameters in g, Mrg is the slope and Kr 1
. . Ž .q K is its intersection with ys0 . For low M s1 or 2 and

the high Pe number used in our simulations, the plane isT
either bistable or extinguished and unexcitable at low yU, and
as the temperature increases it shifts into a unique and ig-
nited state. For intermediate M and low yU, the plane ac-
quires three solutions, of which only the extinguished is sta-
ble, and it shifts into an oscillatory phase plane and an extin-
guished state with increasing yU. For large M, the state is
extinguished for all yU. Note again that the assumption of an

Ž .adiabatic x y relation strictly applies only for certain condi-
tions. Since this presentation is only an approximation, we
use it in order to gain a qualitative understanding of the mo-
tion in the phase plane.

Front motion
The problem of constant-pattern front motion in the ADM

has been the subject of extensive investigation. Conditions
for the existence of such fronts and approximations for their

Ž .velocity were derived by Frank-Kamenetski 1969 , Zeldovich
Ž . Ž .and Barenblatt 1959 , Merzhanov et al. 1973 , and Wicke
Ž .and Vortmayer 1959 . A relevant review of the subject is

Ž .presented by Puszynski et al. 1987 , who analyze the ignition
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Figure 4. Typical approximate phase-planes in an adia-
batic reactor.

Ž . Ž . Ž .Pe s100 a , 500 b , and 1,500 c , showing the enthalpyT
Ž .and activity null curves f s 0 and g s 0 with B s 30, g s 20,

Das 0.06, K s 4.0; M s1, 3 or 10 for lines a, b, c, respec-
U .tively; y s 0, 5.0, 10.0 and 15.0 for lines 1]4, respectively .

process of a solid]solid noncatalytic reaction, which is math-
ematically quite similar to the problem of interest. In the case

Ž .of fixed activity u s1 and with Pe ™`, the front velocity,C
assuming complete conversion across the front and large acti-

Ž .2 yq Ž .vation energies, was shown to be V y1 s Dae r BPe ,T
for a front that connects the ys0 and ys y states; in theq
original coordinate system, and for an adiabatic temperature

Ž .rise y s B , that impliesq

BDae
V sy q1. 19Ž .( BPeT

Ž .The front velocity depends on activity i.e., Da and it is bi-
ased for motion in the flow direction. This result applies
mainly to the wave formed upon the ignition of a cold bed,
with a minus sign in front of the root term: such a front will

propagate downstream for low Dae B terms and upstream for
highly active states. The front may loose stability via a Hopf
bifurcation and propagate with an oscillatory amplitude
Ž .Matkowsky and Sivashinsky, 1978 ; the boundary of that in-
stability was approximated, assuming an infinitely narrow re-
action zone.

Model simulations
ŽModel simulations in its dimensionless form Eqs. 12 and

.13 were conducted as explained earlier. The results below
present typical motions for relatively large Pe numbersT
Ž .)50 , conditions that induce sharp fronts, along with the

transitions from stable to oscillatory motion. We employed
Ž . Ž .either large 10 or small 0.1 ratios of Pe rPe , but showC T

that this parameter does not affect the qualitative behavior.
Simulations of adiabatic reactors with a high Pe rPe ra-C T
Ž .tio 10 in the simulations below , showed the following types

of solutions:

1. A fully ignited or a fully extinguished state exists at very
low or very high M values, respectively, as expected from
phase-plane analysis: for low M values, the phase planes
spanned by the system are bistable at low yU and single-val-
ued ignited at large yU. Part of this domain is excitable, as

Ž .described below 4 .
2. A stationary front emerges at low M and high Pe val-T
Žues shown in Figure 5a, with Pe s Pe r10s1500, for MsT C

.0.1, for which the inlet is extinguished ; for higher M it
Ž .changes into an oscillatory front motion Figures 5b and 5c .

With increasing M the front position is shifted toward the
Ž .exit and its amplitude grows Figure 5 . The transition from

the fully ignited to the fully extinguished state, upon varying
M, occurs at high Pe through intermediate states with a sta-T

Ž .tionary or oscillatory front as shown in Figure 5 .
3. Oscillatory motions with fronts that span the whole sur-

face emerge for intermediate M values at lower Pe numbers
Ž .Figure 6; Pe s Pe r10s100 . The fast extinction frontT C
travels downstream while the ignition front moves upstream.
With increasing M the ignited zones of the temporal oscilla-
tions diminish while the extinguished sections broaden, as ex-

Figure 5. Transition in an adiabatic reactor from an ig-
nited to an extinguished state through a sta-
tionary state and oscillatory front.
Ž . Ž . Ž .a M s 0.1; b M s1; c M s 4.35 with Pe s1,500, PeT C
s15,000, Bs30, gs20, Das0.06, LeUs100, t s1,000, Ks4.u
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Figure 6. Transition in an adiabatic reactor from an ig-
nited to an extinguished state through oscilla-
tory states.
Ž .b]e: M s 2.77, 2.8, 5, and 11 with Pe s100, Pe s1,000;T C

Ž .other parameters as in Figure 5; part a presents the re-
Žsponse to a perturbation in an excitable state M s 2.7; see

.also Figure 7a .

pected from relaxation oscillations. Note that for these M
values the system spans an oscillatory phase plane that trig-
gers the reactor dynamics.

ŽThe spatial profiles of one such oscillatory state Figure
.7c , and the corresponding temporal pattern of the inlet and

Ž .outlet temperatures lines 1 and 2, Figure 7d exhibit four
Ž .sections: a initially the reactor is extinct and exhibits a slow

activation process; the concentration and temperature are
Žadiabatically related y s Bx, compare solid and broken

. Ž .lines . b A front is formed at the exit and travels upstream
at an apparently constant speed. The temperature behind the

Ž .front falls below the adiabatic temperature rise B , but the
Ž .conversion is complete. c The front disappears at the inlet,

Ž .the reactor is ignited, and it deactivates slowly. d A front is
formed at the inlet and travels downstream, showing some
acceleration. The temperature behind the front exceeds B.

To account for the temperature behind a front that travels
Ž .at a constant speed V , we use the transformation z sj yVt

Ž .to convert the mass and enthalpy balances Eq. 12 and sub-
tract them to eliminate the reaction term. We find that

­ BxrPe y yrPeŽ .C T
I ' Bxy yyV Bxy Ley y , 20Ž . Ž .

­z

is invariant, that is, ­ Ir­z s0, and I is a constant and its
value can be estimated at the inlet, where xs ys0 and gra-
dients are small, Is0. The temperature behind the front,

Ž .where conversion is complete xs1 and gradients are small,
is

y s B 1yV r 1y LeV . 21Ž . Ž . Ž .q

( ) (Figure 7. a Spatial behavior of an excitable state upon a perturbation at the inlet M=2.7 parameters as in Figure
) ( )6a; lines are equally intervaled ; b temporal behavior of inlet and outlet temperatures of an oscillatory

( ) ( )state, close to the point of infinite-period bifurcation M=2.77, parameters as in Figure 6b ; c,d spatial
( ) ( )and temporal behavior of temperature y , solid line and concentration x, broken during an oscillatory

cycle.
Ž Ž . Ž . Ž .Pe s Pe r10 s 500, Das 0.05, M s 2, other parameters as in Figure 6; in c lines are equally intervaled; in d lines 1 and 2 in d denoteT C

.inlet and outlet conditions, respectively .
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Ž .Thus, temperatures behind the front exceed fall below B
Ž .when the front moves downstream upstream . The tempera-

ture]concentration relation at intermediate positions de-
pends on their gradients.

4. The ignited solution may be perturbed and excited. Let
us review this motion in the reaction]conduction system and
then study the effect of convection. Excitable media are ex-
tended nonequilibrium systems having homogeneous rest
states that are linearly stable but susceptible to finite pertur-
bations. Triggering the edge of an excitable system will send
a front traveling at constant speed. After a certain period the
perturbed position will relax, undergo an opposite transition,
and will send a second front in the direction of the leading
one. Eventually, in a sufficiently long system, the two fronts
will form a pulse, traveling at a constant speed and shape.
Excitable media also support continuous families of periodic
wave trains when the system is triggered continuously. Re-
turning now to the homogeneous model with convection we
induce a local extinction at the reactor inlet of an ignited and

Ž .excitable state Ms2.7, line 0 in Figure 7a : it produces a
downstream-propagating extinction front that exits the sys-
tem and leaves it cold; subsequent spontaneous ignition oc-
curs at the exit and creates an upstream-moving front that

Žrestores the original state line 8; lines are plotted with fixed
.time-intervals . Note again that the temperature behind the

front is lower than B. The upstream-propagating front is
slower than that moving downstream. This is also evident from

Ž .the contour plot Figure 6a . Excitation induced at the reac-
Ž .tor exit did not propagate in this case not shown .

5. The transition from an ignited-excitable to an oscilla-
tory state occurs at Ms2.77 for the parameters of Figure 6,

Ž .through an infinite-period bifurcation homoclinic orbit ,
composed here from relaxation oscillations with a growing-

Žamplitude motion along the upper segment see one tempo-
.ral cycle in Figure 7b .

The effect of the Pe number is demonstrated in Figure 8.
As expected from the phase-plane analysis, the amplitude of
oscillations in the front position declines with increasing Pe ,T
and eventually the oscillations disappear for sufficiently high
Pe .T

Figure 8. Effect of Pe on the behavior of an adiabaticT
( )bed: a-d: Pe =50, 500, 1,500, 5,000 .p

Pe s Pe r10, Das 0.06, M s 4, K s 3.0; other parametersT C
as in Figure 5.

Figure 9. Transition from an ignited to an extinguished
state through a stationary or oscillating front
(states b–c: M=2.0 or 3.0, respectively, PeT

2)=100, t =10 , or through oscillatory statesu

(d–f: M=1.75, 2, and 3, respectively, Pe =50,T
3)t =10 , in an adiabatic reactor.u

Ž Ž .Pe rPe s10; other parameters as in Figure 5, Parts a andT C
Ž . 3b were simulated under the same conditions with t s10u

2 .or 10 , respectively .

Similar observations were made with Pe rPe s0.1. AtC T
very low or very high M values, the state is ignited or extin-
guished, respectively; the transition occurs through station-
ary- and oscillatory-front solutions at Pe s100 or largerT
Ž .Figures 9b and 9c , or through an oscillatory motion that

Žsweeps the whole surface at Pe s50 or lower FiguresT
.9d]9f . Increasing the ratio of time scales will also convert a

Žstationary front into an oscillatory one compare Figures 9a
. Ž .and 9b . Increasing the reactor length not shown will push

the system into an oscillatory phase plane at lower M values,
but will not affect the sequence of patterns.

In a nonadiabatic reactor the temperature profile exhibits
a sharp front upstream and a relaxation to y downstream.w
In a typical oscillatory motion the hot spot travels back and
forth within the reactor while maintaining qualitatively the

Žsame shape of a sharp front and moderate cooling zone aT
.s1.0; Figure 10 . The contour plot is quite similar in lower

Ž .a values Figure 11 , in which the front sweeps the wholeT
surface, except that the cooling zone becomes more moder-
ate and, of course, the profile becomes monotonic with a sT
0. The motion just described for a s1 is qualitatively main-T
tained for a -1.18, and then turns into a stationary frontT

Ž .that is maintained for 1.2 - a -7.0 see Figure 10e . TheT
state is extinguished for larger values. The latter state coex-
ists with the oscillatory or with the stationary front solutions
mentioned earlier, in the range 1- a -7.T
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Figure 10. Oscillatory behavior in a nonadiabatic reac-
tor.

Ž . Ž . Ž . Ž . Ž .a s 0 a: adiabatic , 0.2 b , 1.0 c , 1.18 d , and 1.2 e ;T
Ms 2.0, Pe s Pe r10 s 50; other parameters as in FigureT C
5.

Figure 11. Temporal behavior of the state in Figure 10c.

Concluding Remarks
Pattern formation mechanisms have been analyzed for the

homogeneous model of a fixed catalytic bed for reactions with
oscillatory kinetics. Two cases were analyzed: a nonadiabatic

Žreactor with a continuous mass-supply either by the preced-
.ing reaction or via the membrane wall , and a simple adia-

batic or cooled reactor. In the former case the system may
reach asymptotic space-independent solutions, and when
bistability of such solutions exists, fronts separating different
steady states may be established. In that case, we showed
that the front velocity is linearly dependent on the fluid ve-
locity so that upstream propagating fronts are slow or impos-
sible, while propagation downstream is fast. Stationary or os-
cillatory front solutions, oscillatory states that sweep the
whole surface or excitation fronts, may be realized then, and
the reactor behavior can be predicted from the sequence of
phase-planes spanned by the reactor. In an adiabatic reactor,

Žfronts are formed only for sufficiently small Pe numbers yet,p
the critical Pe is large for highly exothermic and highly acti-p

.vated reactions . These frontlike solutions do not separate
different steady states. The patterns that can be realized in

this case are quite similar to those in the previous case. The
reactor behavior can be predicted by the sequence of phase
planes spanned by the reactor, using an approximate finite
difference presentation that converts the convection term into
a supply term.

These two types of fronts should be compared with fronts
in a heterogeneous reactor model and with fronts in a uni-
form medium. As noted in the Introduction, pattern-forming
mechanisms are somewhat different in homogeneous- and
heterogeneous-reactor models. Heterogeneous models are
typically defined by the existence of temperature and concen-
tration gradients between the solid and fluid phases. This is a
quantitative, rather than a qualitative, criterion, and it fails to
demonstrate the expected differences. When the steady-state
solution of the solid phase is single-valued for all fluid-phase

Žconditions spanned by the reactor, then its numerical or ana-
.lytical solution can be substituted into the fluid phase and,

in that case, at least at steady state, there is no significant
qualitative difference between the two classes of models. In a
truly heterogeneous model the solid-phase solution is not sin-
gle-valued, and thus it cannot be lumped. Fronts in the het-
erogeneous model separate different local solid-phase steady
states, which, in turn, depend on gradients on the fluid phase.
Now we note the differences between the patterns in these
systems:

v Fronts and patterns in the homogeneous model of an
adiabatic reactor disappear for sufficiently large Pe num-T

Žbers, while in the heterogeneous model they persist as long
.as significant interphase gradients persist . As we show in a

forthcoming article, for small interphase resistances, patterns
in the heterogeneous model can be predicted with a homo-
geneous one using an effective Pe number.p

v Patterns in a nonadiabatic reactor persist for sufficiently
small cooling rates and disappear for fast cooling as the reac-
tor becomes almost isothermal. In the heterogeneous model,

Žon the other hand, under strong cooling rates yet, when re-
.action persists the system may exhibit even a richer class of

patterns due to the interaction of convection and reaction. If
an ignition occurs at the reactor inlet under these conditions,
it will likely cause extinction at the reactor exit, due to reac-
tant consumption. In an adiabatic reactor, on the other hand,
local ignition at the inlet will increase the fluid temperature

Ždownstream and will induce an ignition there as well see
.Shvartsman and Sheintuch, 1995 .
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Notation
A sinterphase surface area per reactor volume®
Bsdimensionless exothermicity

C ,C skey component concentration in solid and fluid phase,A A f
respectively

D seffective axial dispersion coefficiente
DasDamkohler number

Esactivation energy
f , g skinetic functions
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hsinterphase heat-transfer coefficient
D Hsreaction enthalpy

H, H swall-to-fluid heat- and mass-transfer coefficientsC
K sdeactivation parameter

k , k sactivation and deactivation rate constantsdq dy
k smass-transfer coefficientg
k scatalytic reaction-rate preexponential constantw
k seffective axial conductivitye

LeU sLewis number; the ratio of solid-to-fluid-phase heat ca-
pacities

Msdeactivation parameter
Pe , Pe sPeclet numbers for heat and mass dispersionT C

r sreaction rate
ŽUsscaled fluid velocity Eq. 6, equal to thermal-front veloc-

.ity due to convection and reaction
u sinterstitial fluid velocitys

tstime
T ,T ssolid and fluid temperature, respectivelyf

xsdimensionless concentration
z, z sdimensional and dimensionless axial coordinate

a , a sdimensionless fluid-to-wall transport coefficientC T
g sdimensionless activation energy

DT , DT sadiabatic temperature rise, temperature rise due to ex-ad x
ternal resistance

e sbed void fraction
rc ,r c svolume-specific heat capacity of the fluid and solidp f s p s

phases
u sactivity
t sdimensionless time

Subscripts
e,isvalue at ignition and extinction, respectively

C, T , u sof the respective variables
ssat steady state
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